SEMI-CLASSICAL ANALYSIS OF SCHRODINGER OPERATORS 
AND COMPACTNESS IN THE 9-NEUMANN PROBLEM 



SIQI FU AND EMIL J. STRAUBE 

Abstract. We study the asymptotic behavior, in a "semi-classical limit", of the 
first eigenvalues (i.e. the groundstate energies) of a class of Schrodinger operators 
with magnetic fields and the relationship of this behavior with compactness in the 
9-Neumann problem on Hartogs domains in C^. 



1. Introduction 

Let n be a bounded pseudoconvex domain in C". The complex Laplacian Dg is the 
operator dd + d d, acting as an (unbounded) self-adjoint operator on ^^^^(n), the 
space of (0, g)-forms with coefficients in £^(n). It is a classical result of Hormander 
H65|| that Dg has a bounded inverse. This inverse is the 9-Neumann operator Nq. 



The 9-Neumann operator is closely related to solving the 9-equation and thus plays 
a central role in several complex variables. It is also of considerable interest from 
the point of view of partial differential equations, where it provides a prototype (of 
the solution) of an elliptic problem with non-coercive boundary conditions. For a 
detailed survey of the £^-Sobolev regularity theory of the (9-Neumann problem, we 
refer the reader to [PS99|| . In particular, it is known that global regularity holds in 



many cases, but not all [|Chr96|| . A question closely related to global regularity is that 



of compactness of the 5-Neumann operator. This question is of interest in its own 
right for a number of reasons; see ||FS01|| for a discussion of various aspects of the 



problem. In the context of global regularity, the relevance stems from a theorem of 
Kohn and Nirenberg ||KN 65|| which implies that if Nq is compact in £^Qg^(f2), then it 



is globally regular in the sense that it preserves the £^-Sobolev spaces. Catlin ||Ca84|| 
demonstrated that compactness provides indeed a viable route to global regularity 
for the (9-Neumann problem, the link being his concept of property (P). He showed 
that property(P) implies compactness (hence global regularity), and that it can be 
verified on large classes of domains. More recently, compactness is also being studied 
as a property not only stronger than global regularity, but one that is more robust 
and less subtle, and hence should be more amenable to a reasonable characterization 
in terms of properties of the boundary. 

In this paper, we relate property(P) and compactness of the 5-Neumann operator 
on complete pseudoconvex Hartogs domains in to the asymptotic behavior of the 
groundstate energy of certain families of Schrodinger operators. It is well known 
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that d- and related problems on such domains can be studied by means of the cor- 
responding weighted problem on the base domain, see for example [ |L89|| , ||Be94|] and 
their references. In turn, studying the 9-equation in weighted £^-spaces on planar 
domains leads naturally to Schrodinger operators on these domains [ phr91|| , [Pe96 



We show that compactness of the 9-Neumann operator and property(P) on the Har- 
togs domain are characterized by the asymptotic behavior, in a "semi-classical limit" , 
of the lowest eigenvalues (the groundstate energies) of certain magnetic Schrodinger 
operators on the base domain and their non-magnetic counterparts, respectively. 

To state the main result of this paper, we need to introduce some notation and 
recall some terminology. A compact set C C" is said to satisfy property (P) if 
for every positive number M, there exists a neighborhood U of K and a C^-smooth 
function X on U, < A < 1, such that for all z in K, the smallest eigenvalue 
of the Hermitian form {d'^\{z)/dzjdzk)-^^^ is at least M. Let D be a bounded 

domain in C and let G C^ip). Let = -[{d^ + i(t)yY + {dy - i(t)xY] + A0 be 
a magnetic Schrodinger operator and = —A + A0 be the corresponding non- 
magnetic Schrodinger operator. Let X(i,{D) and A°(D) be the first eigenvalues of the 
Dirichlet realization of S^p and 5° on D respectively. (See Section 2 below for details.) 
We will also use the notation X{D) for X,f,=o, that is, for the lowest eigenvalue of minus 
the Dirichlet Laplacian. 

Theorem 1. Let = {{z,w) G C^; z ^ D, \w\ < e~'^^^'^} be a smooth bounded com- 
plete pseudoconvex Hartogs domain in C^. Suppose that bQ is strictly pseudoconvex 
on bQn {w = 0}. Then 

1. bQ satisfies property (P) if and only if lim X^JD) = oo. 

r. " 

2. N is compact if and only if lim A„(^(i5) 



n— >oo 
OO. 



The necessity in Part 2 in Theorem 1 is implicit in Proposition 2 of Matheos' 



paper PvT97[| . Note that Sn^ = -n'^K^d^ + ictiyf + {^dy - ic/)^)^] + uAcj). Letting n 
tend to infinity is thus analogous, in a sense, to letting "Planck's constant" h = 1/n 
tend to zero. Study of the latter situation is often referred to as semi-classical analysis 
(see e.g. |piel88|| , chapter 1). 

Global regularity is not an issue for the domains we study here: the 5-Neumann 
problem is globally regular on any smooth bounded complete pseudoconvex Hartogs 
domain in ( pS89i ). 



Sibony ( |pi87]| , see also ||Si91|| ) undertook a systematic study of property(P), under 
the name of B-regularity, on arbitrary compact sets in C". Some of this work is 
also discussed in section 3 of |[FS01j| . In particular, in the situation of Theorem 1, bQ 
satisfies property(P) (in C^) if and only if W := {z E D\A(j) = 0} satisfies property(P) 
in the plane ( [^i87|| , p.310, see also section 5 below). 

We refer the reader to | b'S01 | for a detailed discussion of compactness in the d- 
Neumann problem. As mentioned above, on a bounded pseudoconvex domain, prop- 
erty(P) implies compactness of the 9-Neumann operator. For sufficiently smooth 
domains, see | (Ja84 |; the second author observed in | St97 ] that no boundary regular- 
ity at all is needed. In light of Theorem 1, a quantitative way to look at this result 
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in the case of Hartogs domains in is through (a special case of) Kato's inequahty 
(see Proposition | below): Xn^{D) > A°^(D). It would be of considerable interest, 
both from the point of view of the 9-Neumann problem and from that of Schrodinger 
operators, to determine whether or not conversely, the (equivalent) properties in 
part (2) of Theorem |l] imply those in part(l). For an example of a continuous (but 
nonsmooth) subharmonic where lim^^oo A„<^(D) = oo, but lim^^oo A°^(-D) < oo, 
see ||Uhrl^'01|| . 



Recently, McNeal ||lVlciNUl| | showed that a variant of property(P) still implies com- 



pactness of the 5- Neumann operator. For the domains we consider here, this variant 
turns out to be equivalent to property (P); we discuss this in the appendix (Section 5). 

Acknowledgment. Part of this work was done while the first author visited Prince- 
ton University on an AMS Centennial Research Fellowship. The author is indebted 
to Professors J. J. Kohn and E. Lieb for stimulating discussions. He also thanks the 
Mathematics Department for hospitality. 

2. Schrodinger operators 

In this section, we collect some facts about the Schrodinger operators that arise in 
the setting of Theorem 1. The reader may in addition consult ||Be9(j|]. 



Let D be a bounded domain in C and let (j){z) G C^(D). Let = e~'^-§={e'^-) = 
^2 + 02 be the first order differential operator defined in the sense of distributions 
on and let = -e<^£(e-<^-) = -d, + (j), be the (formal) adjoint of L^. The 

domain of the actual adjoint of is the Sobolev space Wq{D). Note that is just 
d/dz conjugated by multiplication by e"^. 

Consider the closed, positive semi-definite sesquilinear form 

defined on Wq{D) x Wq{D) C C^i^D) x ^^{D). Let be the unique non-negative, 
self-adjoint, densely defined operator on C^{D) corresponding to Q^{u,v). For the 
connection between quadratic forms and (unbounded) self-adjoint operators, see for 
example fRSsg], section VIII.6. Then Bom{S^) = Wf^{D) n W^{D), and on this 



domain 

(1) = AL^L^ = -[(9, + z0,)2 + (dy - 20,.)'] + 

This is the Dirichlet realization of the Schrodinger operator on D with magnetic 
potential A = {—(f)y, (px) = —4>ydx+(j)xdy, magnetic field dA = A(f)dxAdy, and electric 
potential V = A0. Since Domls^) = W^{D)nW'^{D) embeds compactly into C^i^D), 
has compact resolvent. By construction, S,f, is the restriction to its domain of an 
isomorphism of Wq{D) onto W~^{D). Consequently, as an (unbounded) operator 
on £^(Z)), it is injective and onto, and so has a bounded inverse (which moreover is 
then compact). Let 5'° = —A -|- A0 be the Schrodinger operator without magnetic 
potential corresponding to 5*0 (with the same domain as Sip); it too has compact 
resolvent. Because both and 5*9 have compact resolvent, the spectrum in each 
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case consists of a sequence of eigenvalues tending to infinity. Let A(^(D) and A^(D) 
be the first eigenvalues of and S^, respectively. Note that 



inf|4 j \L^u\^dA/ j I'updA, ueC^{D),u^Q 



[1) and (3) below is in Pe93 
The following are equivalent: 



(2) =inf|4 j \u,\^e^^dA/ j \u\^e^^dA, ueC^{D),u^O 

The case of most interest to us is that of a subharmonic (p (i.e.A0 > 0); this 
corresponds to pseudoconvexity of the Hartogs domain Q. It turns out that subhar- 
monicity of can be characterized in terms of the behavior of the lowest eigenvalues 
\t^{D) and X^i^D). The equivalence of 

Proposition 2. 

1. A0 > 0; 

2. liminfi^ooA°^(D) >0; 

3. limsupj^oo At<^(L') > 0. 

Proof. (1) implies (2) because S^^ > —A (as operators) when Acf) > 0, and —A > 
(as operators). (2) implies (3) because \t^{D) > X^^{D); for this, see Proposition |^ 
below. Finally, the proof that (3) implies (1) can be found in [Pe93|| , proof of Propo- 
sition 1.5 and the remark immediately following that proof (bottom of page 212). □ 

Remark 1. l)Note that A(Z)) provides a lower bound on \imm{t-,oo X^^{D) that 
is independent of 0, for 0's that satisfy one of the properties in Proposition ^ In 
particular, the quantities in (2) and (3) in the proposition cannot be arbitrarily small 
positive for D given. X{D) itself can be estimated from below by 7t/\D\, where \D\ 
denotes the area of D; this is a consequence of the Poincare inequality (see e.g. 
| CT98| , inequality (7.44)). 

2)In general, one does not have limsup^^o^ \t^{D) = liminft_,oo Xt^{D)- For exam- 
ple, if D is an annulus and A0 = on Z) then \t^{D) is a periodic function of t with 
minimum \{D) and maximum X{D\L) where L is a path connecting the components 
of bD (see | [HHHU9^ , Theorem 1. 1 and Remark 1.5 (vi)). 

The first part of the following proposition is a special case of an inequality of Kato 
( [|Ka72|| ; see also ||Be96|] ). The second part goes back to ||L077|| . A detailed proof of 
the proposition is in [|Hel8S ] , Lemma 7.2.1.2 and Theorem 7.2.1.1, to where we refer 
the reader. 

Proposition 3. X(f,{D) > X^{D). Furthermore, equality holds if and only if (1) 
A(j) = on D and (2) (l/27r) J A E for any simple closed smooth curve 7 in D. In 



this case, S,f){D) and S^{D) are unitarily equivalent via u 
valued h with dh = A. 



e^^u for a (M mod 27r) 



The proof in ||Hel88 | uses the following identity from [ L077 1, which can be obtained 
by integration by parts: 

(3) A\\L^u\\^ - = \m + ^<f>y - </^>\\' + Widy - ^0. - ul/u')uf. 
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Here, Uq denotes the (normalized) eigenfunction of 5° to the eigenvalue A°. (This 
eigenvalue is known to be simple, and uq is known to be zero free in D, see e.g. |[RS80|| , 
also the discussion in 7.2.1 in ||Hel88|] .) In particular, the difference Xti,{D) — A°(D) 
is the infimum of the right hand side of (^ over all u G C^{D) with = 1. 
Replacing by ncf) in (H) gives a semi-explicit expression for Xn(f,{D) — X'l^^D), which 
is the quantity of concern in the question of whether or not property(P) and com- 
pactness of the 9-Neumann operator are actually equivalent for the domains in 
considered in Theorem 0. We call the expression semi-explicit because it involves 
taking the infimum and it involves the eigenfunction uo, which depends on n. This 
latter dependence may possibly be mitigated by passing to subsequences which con- 
verge in appropriate senses; compare the discussion in Section 3. Nonetheless, for- 
mula d^) notwithstanding, it appears that determining whether or not Xn,p{D) tending 
to infinity implies that X^^{D) tends to infinity is a nontrivial matter. Note that if 
W := {z & D\A(f){z) = 0} has non-empty interior, both eigenvalues are bounded 
above, for each n, by the corresponding eigenvalues on, say, a disc contained in the 
interior of W. On such a disc, the magnetic and non-magnetic eigenvalues agree, by 
Proposition!^, and moreover, the non-magnetic eigenvalue is the same as that of —A. 
So both sequences are bounded above (and thus fail to converge to infinity). Alter- 
natively, if W contains a disc, bfl contains an analytic disc, and both property(P) 
and compactness of the 9-Neumann operator fail (see ||FS01|| for details). In con- 



trast, when W has empty fine interior (see Section 3), then b^l satisfies property(P) 
and the 9-Neumann operator on Q is compact so that both sequences of eigenvalues 
tend to infinity (in view of Theorem |I|). Consequently, the case of interest is that 
of W with empty Euclidean interior, but non-empty fine interior. (When W has 
non-empty fine interior, there exists some smooth subharmonic function tp, such that 
W = {z E C\Aip = 0} and lim„^oo A„^(-D) < oo, see Remark 3 below.) 

We point out that when no smoothness restrictions are placed on the boundary of 
fl, compactness in the (9-Neumann problem does not imply property (P). The domain 
{{z,w) G C^|0 < \z\ < 1, Izl"^ + \w\'^ < 1}, obtained by deleting from the unit ball the 
variety = 0}, has an analytic disc in its boundary {a fortiori, the boundary does 
not have property(P)), yet its 9-Neumann operator is compact (see |[FS01|| , example 



on page 150 preceding Proposition 4.1). The point is that the £^-theory does not 
detect the deletion of the variety {z = 0}, and as a result, the 9-Neumann operator 
inherits compactness from the 9-Neumann operator on the unit ball. Recently, Christ 
and Fu ( ||ChrF01|| ) have constructed an example of a continuous subharmonic (p with 
V0 e C^iD), A(j) e C\D), and lim^^oo Xn^{D) = oo, but lim^^oo A°^(L') < oo. 

That magnetic Schrodinger operators majorize their non-magnetic counterparts in 
some appropriate sense, such as Kato's inequality, is generally referred to as diamag- 
netism, and the opposite direction (usually in terms of more general so called Pauli 
operators) is called paramagnetism. The property in question in the previous para- 
graph may thus be viewed as a paramagnetic property of the family of Schrodinger 
operators {Sn(j,\n G N} and their non-magnetic counterparts {5'°^|n G N}. It appears 
that what is known in the theory of Schrodinger operators in this direction concerns 
cases that, when specialized to the context of Theorem cover situations that are 
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well understood from the point of view of the 9-Neumann problem. For example, 
when the magnetic field is constant a result of Lieb (which is in terms of more general 
Pauli operators, see [|AHS78|] ) implies that A^(D) < X2^{D). Lieb's result was later 



generalized by Avron and Seller to the case where the magnetic fields are given by 
certain polynomials ( [|AS79|| ). The ideas in the proofs of these results actually work 
when (f){z) = YlT=i \ hj{z 



|2 



Proposition 4. If (f) = XlJLi where hj{z) are holomorphic on D, then 

(4) X<piD) < \%{D). 

Proof. Let g he a. real- valued eigenfunction of corresponding to = X^^i^D). 

For C G C'", we let H{zX) = -ET=iihj{z)Cj + lOH, *(^,C) = e-<^+^(^'^), and 
/ = g^. It follows that S^{f) = A°^/ + 4(20, - H,)^gs. Therefore, 

dl'^l^dg^ 



2<f> 



£) dz dz 



A^,ll/ir + 2 / |/p(|20,-if,r-; 

Jd 

m „ a2 1 iTr 1 2 



j,k=i ■ 

Denote the last term above. It follows from the divergence theorem that 
/cm -^(C) = 0. Therefore, there is a Co ^ such that /(Co) < 0. We then con- 
clude the proof. □ 

Remark 2. Proposition ^ does not hold for all with A0 > 0. For example, if 
D = {zeC; 1/2 < 1^1 < 2} and A0 = on D, then \%{D) = \{D) = A^(L>), which 
is strictly less than Xij){D) unless (l/27r) f^^^^^A G Z (Proposition |]). By a limiting 
process, one can in fact find examples such that D is the unit disc and A0 > on D 
but (§ fails. 

3. Some potential theory 

Recall that the fine topology on C is the weakest topology so that every subhar- 
monic function is continuous. A general reference for the basic facts about the fine 
topology in C is |[lle69|| . We use intf to denote the interior in the fine topology. 



The Dirichlet problem for (minus) the Laplacian can be formulated on finely open 
sets; see [F9^, section 3, and the references there for this formulation. The resulting 



theory inherits many features of the classical theory, but avoids some of its problems 
having to do with "stability" of sets (see ||I''99| , Remark 2.4). What matters for us is 



the behavior of the first eigenvalue under a decreasing sequence of finely open sets. 
If U is finely open, we still use X{U) to denote this eigenvalue. Then, if {?7j}°2=o 
a decreasing sequence of bounded finely open sets in C, {A(f/j)}°^Q is increasing (as 
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in the classical case), and (unlike the classical case) limj^oo ^{Uj) = X{intf{r\jUj)) 
( [[F99|l , Theorem 2, part 1°). 

The next proposition combines work of Fuglede and Sibony. We need it in the 
proof of part (1) of Theorem |1]. 

Proposition 5. Let K be a compact subset of C The following are equivalent: 

1. K satisfies property (P). 

2. K has empty fine interior. 

3. K supports no non-zero function in Wq{C). 

4. For any open sets Uj such that K CC f/j+i CC Uj and n°?^-^Uj = K , \{Uj) oo 
as j oo. 



Proof. The equivalence of (1) and (2) is |^i87|| , Proposition 1.11. Let {[/j}°^Q be a 



sequence of (Euchdean) open sets with K CC Uj+i CC Uj and CijUj = K. If (2) 
holds, then {0} = Wl{intfK) = n'^^-^W^{Uj) ( |FSg, Lemma 1.1, (ii)), which gives 
(3). If (3) holds, (4) must hold. If not,there would exist a sequence of functions 
{uj}'jLi, Uj G WQ^Uj), with \\uj\\ = 1 and ||VMj|| < const, (use (||) for = 0), for a 
suitable sequence {Uj}'jLi. Passing to a subsequence that converges both weakly in 
PFq^(C) and in norm in of a neighborhood of K would yield a non-zero element 
of FTq (C) that is supported on K, contradicting (3). Finally, (4) implies (2) because 
lim^^oo A(t/j) = X{intf{r\jUj)) = X{intfK), and the last quantity is finite if intfK ^ 
0, see Theorem 2, part T. 

□ 

Remark 3. There are also characterizations of sets with empty fine interior in terms 
of logarithmic capacity ( |[IIe69|| , chapter 10, section 5) and in terms of Brownian 
motion ( |Po84 |, section 2. IX. 15). Our work shows that such a characterization can 



also be given in terms of non-magnetic Schrodinger operators: a compact set i^' C C 
has empty fine interior if and only if for every smooth subharmonic function on a 
domain D with K CC D, such that K {z e C|A0 = 0}, lim„_oo A°^(L)) = oo. 
If K has empty fine interior, then combining Proposition ^ and (the proof of) part 
(1) of Theorem |l] shows that lim„^oo Ki^{D) = oo for the 0's under consideration. 
Conversely, the authors have shown ( [[FSOlf , Theorem 4.2) that if K has non-empty 
fine interior, there exists a smooth, bounded, pseudoconvex, complete Hartogs do- 
main in whose weakly pseudoconvex boundary points project onto K and whose 
9- Neumann operator is not compact. Moreover, the Hartogs domain can be cho- 
sen to satisfy the assumptions in Theorem |l]. Consequently, the resulting function 
on the base domain D satisfies lim„^oo A„0(D) < oo (Theorem |l|). A fortiori, 
lim„^oo A°^(L') < oo (Proposition |). 

4. Proof of Theorem 1 

Let W = {z C D\A(j){z) = 0}. Because bfl is strictly pseudoconvex near the points 
of the boundary where w = 0, W is a. compact subset oi D. To prove part (1) of 
Theorem 1, we use that bfl satisfies property (P) if and only if W satisfies property(P) 
as a set in C ( [|Si871j , p. 310, see also section 4 below). In turn, W satisfies property(P) 
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if and only it satisfies (4) in Proposition ^ Fix a sequence {Wj}'^^^ of open subsets 
of D such that W = njW], and CC Wj+i CCWj CC D. 

Assume W satisfies (4) in Proposition^. Let rjj G C^(Wj), < r]j < 1, and r]j = 1 
on Wj+i. For any u G C^{D), j G N, 



>-\\V{ur^j)\? + l^\\^A'' 
>-X{W,)\\ur^,r + -\\^ur 

when n is sufficiently large. By assumption, XiWj) oo as j ^ cxd. Therefore 
lim^^oo X.^^{D) = oo. This finishes one direction in the proof of part (1) of Theorem |l|. 

For the other direction, observe that for all {n,j) G N x N, Xn4,i^) ^ X^^{Wj) 
(by the monotonicity with respect to the domain of the eigenvalue). Also, for u 

{S^^u, u) = (—Am + nA(pu, u) < (—Am, u) + {u, u) 

if j is big enough relative to n so that |nA(/)| < 1 on Wj. Consequently, XiWj) > 
A°0(IVj) — 1 > A°^(D) — 1 if j is big enough relative to n. It follows that limj^ooX{Wj) 
= oo, since lim„^oo X'l^i^D) = oo. Since the sequence Wj is arbitrary, this concludes 
the proof of part (1) of Theorem |l]. 

We now prove the necessity in Part (2) of Theorem 1. As noted before, this also 
follows from Proposition 2 in ||M97|| . We provide a proof that does not require any 



regularity of (In this case, Xn(j,{D) is defined by the second equality in (g).) We 
use the fact that compactness of is equivalent to compactness of Kohn's canonical 
solution operator S = d N, which is in turn equivalent to the following compactness 
estimates: For any e > 0, there exists > such that 

(5) \\Su\\^ < e\\uf + C,\\u\W 



for all u G L^g-^j(f2)( see ||I''S01|| , Lemma 1.1). 



Let (3 G C^{D) and let m„ = [3{z)w^dz and fn{z,w) = S'(m„). Then fn{z,w) = 
gn{z)w"' and dgn{z)/dz = f3{z). Plugging this into (||) and using the fact that 
||5fji(z)w"||^]^ Q < {l/n^)\\gn{z)\\'^, we obtain that there exists > such that 
||(7„(z)w"'||^ < e||/3(2;)w"(i^|p when n > N^. Therefore, 

gn{z)\'e-'^^^'^^^''^dAiz)<e [ \P{z)\'e-^^^+'^'^^'^dA{z). 

D J D 



Duality gives for u G C^{D) 
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|^^^)|2g2(n+l)^(.) ^ sUp{|(M,/?)|2; p e C^{D), / |/?|2e-2("+^)<^(^) < 1} 



J D J D 

The middle inequality follows from consideration of the special Qn associated in the 
previous paragraph to a /5 G C^{D). In view of this concludes the proof of 
necessity. 

We now proof the sufficiency. Since compactness of the 9-Neumann operator is 
a local property (see |p^'S01|| , Lemma 1.2; the direction we need here follows from 



a simple partition of unity argument) and since by assumption bO, is strictly pseu- 
doconvex in a neighborhood of bQ (1 {w = 0}, we need only establish compactness 
estimates ( [ |b'S01 |, Lemma LI) for forms whose support is away from bQCi {w = 0}. 



Moreover, by the interior elliptic regularity of 9 © 9 , we need only consider forms 
whose support is close to bQ. Choose D GG D such that bQ is strictly pseudoconvex 
on a neighborhood of the part of bQ over the outside of D. 

We work for a moment on D x {S^ is the unit circle). Denoting the variables 
on D X by {z,t), let L = + i4>zdt- We use ||| ■ ||| to denote norms on D x S^. 
We will prove that for every e > 0, there exists > such that 

(6) < e{\\\Lu\\\^ + \\\Lu\\\^) + a\\\u\\w 

for u G C^{D X S^). By the assumption on the eigenvalues A„0(D), there exists 
N^> Q such that when n > N^, 

llt^f < 4Ln^v\\\ for all v G C^{D). 

(Note that Xn^{D) > Xn^{D).) Taking conjugates, we obtain that when n < —N^, 

llt^f < 4Ln^v\\\ for all v G C^{D). 

Therefore, when |?t,| > 

\\vf < eiWLn^vf + WLn^vf), for all v G C^{D). 
For ueC^iD X S^), write 

oo 



where Un{z) = (l/27r) ^ m(2, e**)e-^"*c/t G C^{D). Then 

oo 

Lu= ^ {-Ln^Un)e' 



Ant 
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and 

1 



27r"'""' 27r 



oo oo 
2__ \^ III |||2 _ II l|2 

^ III"""!!! ~ ll""" 

n=— oo n=— oo 

< ^ ||u„|P + e ^ (||I^n(/.M 

e 

~ 2^ 



n J 



+ |||Lm||P) + ^ ( II ^^n f - e( II ^n</.Mnf + II ^n^^^n in) 



The last sum in the above inequahties is less than or equal to 



u 



n||_l 



|n|<7V, 



for some sufficiently large C^, depending only on e. This is because Vra, Ln^ and 
L„(^ have a compact inverse (see section 2), which implies ||un|P < e(||-^n0^n|P + 
|-^n0^n| n H-C'el |'i*n| 1-1 fo^ & Constant C^. (This is analogous to Lemma 1.1 in ||KN65|| , 



see also Lemma 1.1 in ||FS01|| .) depends on n, but because we are now only 



concerned with n's satisfying |?t,| < N^^ may be chosen depending only on e. The 
desired inequality (P) now follows from the fact that the last sum above is controlled 

by 1 1 kl 1 1-1- 

We now return to the setting of the Hartogs domain in Theorem 0. For the part 
of the boundary over D, we may use as defining function the function p{z,w) = 
^\og{wwe'^'^). For, say, < r < 1, the level sets Mr = {p = —r} are the sur- 
faces {Iti'P = e^*^"^^'}. For r fixed, we use coordinates {z,t) on via {z,t) ^ 
(2;, e""^*^^^"^"*"**). Denote by Li the usual complex tangential field of type (1,0) given 
by pzdw — Pwdz- A computation shows that when restricted to Mr, 2wLi becomes 
dz + i(t^zdti which is the operator L considered in the previous paragraph. Let now 
M be a smooth function supported above D and sufficiently close to hVL. Denote by 
dar the surface measure on Mr . Using that dV in is comparable to dar dr (on 
supp{u)), and dar is comparable to dV{z) dt, uniformly in r, we obtain from (|^) 



'"II'' = / |w|^ — / (/ \u\'^dar)dr 



Air 



<tf {! {\Lu\^ + \Lu\^)dar)dr + C, f ||m||'i,mA 

Jo JMr Jo 

<e f\f {\Liu\' + \L,u\')dar)dr + C,\\u\\-i 

Jo JMr 

< ei\\LM\' + \\LM\') + CM\-v 



Here, as usual, < indicates "less than or equal to, up to a constant factor that is 
independent of e". Let now a = aidz + a2dw G C^^^i^Q) fl Dom9 , with support 

above D and close to bQ. Changing if necessary, we get from the estimate above 
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where Li and Li act componentwise on forms, as usual. 



-l5 



We next invoke maximal estimates ( | p78| |, Theoreme 3.1): inC^, | |Liq;| p+ 1 |Lia| p 
is controlled by + \ \d (Actually, the statement in ||D78|| includes the 

term but this term is now well known to be bounded by + \ \d 

alternatively, we may absorb it into the left hand side.) The result of applying the 
maximal estimates is (again, may have to be increased): 



\\a\\' < e{\\da\\' + \\d a\\') + a\\a\\U. 
This is the required compactness estimate. The proof of Theorem |l] is complete. 

Remark 4. The assumption in Theorem |1| that Q is strictly pseudoconvex near the 
boundary of the base is not essential. It suffices for example that the boundary is 
of finite type ( |pA93| ]) near points of bQ (1 {w = 0}. One can then replace W by 



the (Euclidean) closure of intf(W) in the above proofs (compare ||F99|| ) . This set 
will be relatively compact in D because A0 vanishes to infinite order at fine interior 
points of W (see |Pe69|| , Corollary 10.5 or Theorem 10.14). We leave the details to 



the reader. 



5. Appendix 



In this section, we show that on the domains considered in Theorem |T], property(P) 
and property(P) are actually equivalent. 



We first recall the definition of property (P) by McNeal in | McN01 |. A compact set 
K in C" is said to satisfy property (P) if for any M > 0, there exists a neighborhood 
UofKandge C\U) such that 

(1) \{dg,X)\'<L,iXy, 

(2) Lg{X) > M|X|2. 

Here (■, ■) is the pairing between a form and a vector and Lg{X) = ddg{X, X). (1) 
is equivalent to —e^^ being plurisubharmonic in U (see the discussion in ||McN01|| ). 



Lemma 6. Let Q be a smooth bounded complete pseudoconvex Hartogs domain in 
C^. Assume that bVL is strictly pseudoconvex at the base. Then bQ satisfies property 
(P) if and only if it satisfies property (P). 



Proof. It is easy to see that property (P) always implies property (P)( ||McN01|] ): if A 



is the function in the definition of property (P), it suffices (modulo a normalization) 
to consider the function g = e^. The other direction follows by combining Lemma |^ 
and Lemma ^ below. □ 

Let Q = {{z,w)] z & D, \w\ < e~'^}. Then A0 > and the weakly pseudoconvex 
points correspond to the set of base points W = {z E D\A(j) = 0} for. Note that 
W CC D. 
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Lemma 7. Let K be a compact subset of C Then K satisfies property (P) if and 
only if it satisfies property (P). 

Proof. We only have to show that property (P) implies property (P). In light of 
Proposition ^, it suffices to show that for any open sets Uj such that K CC f/j+i CC 
Uj and nf^JJj = K, linij^oo A(f/j) = oo. 

For any M > 0, there exists a neighborhood U of K and g G C'^{U) such that 
Ifl'zP < gzz and gzz > M onU. Assume that jo is sufficiently large so that Uj^ CC U. 
It follows from an easy integration by parts that 

/ \u,- y,u\'^dA= \ / g,s\u\'^dA+ / {u^ + ^gsul'^dA 

for any u G C^iUj^). The left hand side of the above equation is bounded from above 
by SIImzII^ + IIIs'zmII^ while the right hand side is bounded from below by ^ J gzz\u\'^dA. 
Therefore, 

r M f 

Kl^dA > ^ / gz-z\u\^dA > ^ / \u\^dA. 

Hence \{Uj) > Xi^Uj^) > M/ 6 when j > Jq. This concludes the proof of Lemma |^. □ 



Lemma 8. Assumptions as in Lemma |^. Then 

1. bfl satisfies property (P) if and only ifW satisfies property (P). 

2. bO. satisfies property (P) if and only ifW satisfies property (P). 



Proof. Part (1) may be found in [ |Si87| |, page 310. 

To prove (2), first note that if W satisfies property(P), it satisfies property(P) 
(Lemma hence so does bVL, by part(l). But then bVt also satisfies property(P), by 
the discussion above. 

The proof of the other direction is completely analogous to the proof of the cor- 
responding direction in (1). We are indebted to Nessim Sibony for a private com- 
munication ( 1^195 ]) on the details of the argument in | Si87|| . Fix M > 0. Let g 



be the corresponding plurisubharmonic function from the definition of property (P). 
Replacing g by(l/27r) J^^ g{z,we^^)d9, we may assume that g is invariant under ro- 
tations in the w variable. Consider h{z) := g{z, e''^^^^), defined in a neighborhood of 
D. Then, for a sufficiently small neighborhood U of W 



(7) hzz>M; \hz\^ < hz-z. 

This is a matter of computation. This computation can be somewhat simplified by 
first observing that the function gi{z, w) := g{z, e"'), defined in a neighborhood of the 
set {{z,w) G C^l^; G D,w + w = —20(2;)}, also satisfies (1) and (2) in the definition of 
property (P), with M replaced by, say, M = (min{e~^'''^*^^'"~^|2; G U})M, where U is 
a suitable neighborhood of W (after shrinking the neighborhood where gi is defined, 
independently of M). Now h{z) = gi{z, —(j){z)); also note that since g is invariant 
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under rotations in the w variable, gi is independent of the imaginary part of that 
is, {gi)w = {9i)w- It follows that 

hz = i9i)z - '2{gi)^(f)z = {dgi,X) 

and 

hzz = Lgi{X) - 2{gi)^(j)zz, 

where X = (1, —202). Consequently, (|^) is satisfied at points of W (where (pzz = 0), 
up to replacing M by M. Rescaling h (for example, replacing h by h/2) allows one 
to conclude (|^ for 2; in a small enough neighborhood of W (by continuity). □ 
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